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Free cornersAbstract It is well known that the classical global approximation methods such as the conven-
tional Ritz method and the conventional differential quadrature method (DQM) have some difﬁ-
culty in determining the natural frequencies of rectangular plates involving free corners. The
mixed Ritz-DQM formulation, which has been recently developed by the present author, was also
shown to have such difﬁculty. This is because it is very difﬁcult to implement the free corner bound-
ary condition in these methods. To overcome this difﬁculty, this paper presents a mixed Ritz-DQM
formulation in which the free corner boundary condition is implemented in a simple and easy man-
ner. First, we present a new scheme for implementing multiple boundary conditions in the DQM
discretized equations. By the help of this scheme, we then show that the free corner boundary con-
dition can also be easily implemented in the ﬁnal matrix equations of the Ritz-DQM approach.
Finally, we validate the effectiveness of the proposed approach through numerical experiments.
Numerical results show the advantages of the proposed method over some versions of the DQM
in terms of accuracy and performance.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Rectangular plates are basic structural elements that are widely
used in many engineering ﬁelds such as mechanical, civil,aerospace, marine and structural engineering. Thus, a good
knowledge of the vibrational behavior of such structural com-
ponents is crucial to the structural designers.
The analytical solution for natural frequencies of rectangu-
lar plates can only be obtained for Levy-type boundary condi-
tions [1–6]. For general boundary conditions, however, the
analytical solution cannot be obtained due to the complexities
introduced by the satisfaction of free edges and free corner
boundary conditions. So, various approximate or numerical
methods such as the Ritz method [1,7,8], the differential
quadrature method (DQM) [9–12], the method of superposi-
tion [13], the extended Kantorovich approach [14,15], the spec-
tral ﬁnite element method [16], the ﬁnite element method with
Table 1 Convergence and comparison of natural frequencies
of a square plate with SFFF boundary conditions.
n m X1 X2 X3 X4 X5
7 11 6.6375 14.9016 25.3743 25.9909 48.4524
13 6.6408 14.9014 25.3723 25.9968 48.4514
15 6.6425 14.9015 25.3741 25.9992 48.4527
17 6.6433 14.9015 25.3752 26.0002 48.4533
19 6.6436 14.9015 25.3756 26.0005 48.4534
21 6.6437 14.9015 25.3757 26.0006 48.4535
23 6.6437 14.9015 25.3757 26.0006 48.4535
25 6.6437 14.9015 25.3757 26.0006 48.4535
8 11 6.6356 14.9016 25.3717 25.9869 48.4481
13 6.6395 14.9013 25.3703 25.9946 48.4481
15 6.6417 14.9014 25.3726 25.9979 48.4498
17 6.6429 14.9015 25.3744 25.9995 48.4506
19 6.6434 14.9015 25.3752 26.0002 48.4510
21 6.6436 14.9015 25.3756 26.0004 48.4511
23 6.6437 14.9015 25.3757 26.0005 48.4511
25 6.6437 14.9015 25.3757 26.0005 48.4511
9 11 6.6338 14.9016 25.3692 25.9834 48.4454
13 6.6384 14.9013 25.3685 25.9925 48.4458
15 6.6408 14.9013 25.3711 25.9965 48.4477
17 6.6423 14.9014 25.3733 25.9986 48.4487
19 6.6431 14.9015 25.3746 25.9998 48.4492
21 6.6435 14.9015 25.3753 26.0003 48.4494
23 6.6437 14.9015 25.3756 26.0004 48.4495
25 6.6437 14.9015 25.3757 26.0005 48.4495
FE-Ritz [83] 6.6437 14.9015 25.3757 26.0005 48.4495
Conventional
Ritz [1]
6.6480 15.023 25.492 26.126 48.711
CBCGEa [64] 6.636 14.901 25.388 26.003 48.469
Ritz-DQM
[76]
6.6549 14.3166 25.4934 26.3461 48.7088
a Solutions with stretched grid points.
Table 2 Convergence and comparison of natural frequencies
of a square plate with CFFF boundary conditions.
n m X1 X2 X3 X4 X5
7 11 3.4527 8.5138 21.2949 27.2155 30.9641
13 3.4651 8.5084 21.2935 27.2026 30.9620
15 3.4697 8.5086 21.2937 27.1997 30.9664
17 3.4716 8.5095 21.2937 27.1993 30.9690
19 3.4722 8.5100 21.2937 27.1994 30.9700
21 3.4724 8.5103 21.2937 27.1995 30.9703
23 3.4724 8.5103 21.2937 27.1995 30.9704
25 3.4724 8.5103 21.2937 27.1995 30.9704
9 11 3.4323 8.5121 21.2927 27.2322 30.9536
13 3.4323 8.5121 21.2927 27.2322 30.9536
15 3.4648 8.5047 21.2889 27.2002 30.9546
17 3.4685 8.5059 21.2891 27.1987 30.9587
19 3.4703 8.5070 21.2891 27.1986 30.9611
21 3.4711 8.5078 21.2890 27.1988 30.9624
23 3.4714 8.5082 21.2890 27.1990 30.9629
25 3.4715 8.5084 21.2890 27.1991 30.9631
11 11 3.3975 8.5115 21.2952 27.2662 30.9467
13 3.4461 8.5014 21.2874 27.2134 30.9425
15 3.4599 8.5020 21.2867 27.2022 30.9471
17 3.4654 8.5034 21.2868 27.1992 30.9516
19 3.4682 8.5046 21.2868 27.1983 30.9549
21 3.4698 8.5057 21.2868 27.1983 30.9570
23 3.4706 8.5065 21.2867 27.1986 30.9582
25 3.4710 8.5070 21.2867 27.1988 30.9588
13 11 3.3271 8.5016 21.3020 27.3327 30.9452
13 3.4299 8.4981 21.2883 27.2267 30.9389
15 3.4537 8.4996 21.2860 27.2059 30.9425
17 3.4622 8.5016 21.2857 27.2004 30.9470
19 3.4660 8.5030 21.2857 27.1987 30.9505
21 3.4682 8.5041 21.2857 27.1982 30.9531
23 3.4695 8.5051 21.2857 27.1982 30.9548
25 3.4703 8.5058 21.2856 27.1984 30.9559
FE-Ritz [83] 3.4711 8.5067 21.2850 27.1989 30.9563
Conventional
Ritz [1]
3.9417 8.5246 21.429 27.331 31.111
CBCGEa [64] 3.485 8.604 21.586 27.230 31.358
Ritz-DQM
[76]
2.9277 8.5280 20.9912 27.3176 31.1441
DQEM [84] 3.4883 8.4677 21.280 27.134 30.920
DQEM [85] 3.4706 8.5062 21.283 27.199 30.955
a Solutions with stretched grid points.
778 S.A. Eftekharibasic displacement functions [17], the ﬁnite element method
with isogeometric analysis [18], the mesh-free method [19],
BEM-based meshless method [20], the moving least squares
differential quadrature method [21], semi-analytic differential
quadrature method [22], the projection equation approach
[23], the ﬁnite difference method [24], the spectral element
method [25], the discrete singular convolution method
[26–28], the radial basis function-based DQM [29,30], the
weak-form DQM [31], and the strong-form ﬁnite element
method [32–34] have been developed to study the behavior
of rectangular plates with general boundary conditions.
Among the approximate analytical methods utilized for
addressing the present problem, the Ritz method is one the
most convenient methods to obtain the natural frequencies
of rectangular plates [1,35–37]. It is simple to use and also
straightforward to implement. However, the conventional
Ritz method has some difﬁculty in determining the natural fre-
quencies of rectangular plates with free edges and free corners
[1,37–39]. The main reason for this is that it is not possible in
general to ﬁnd trial functions for the Ritz method that can sat-
isfy all the boundary conditions of the plate problem (both
geometric and natural boundary conditions). As a result, the
solutions of the Ritz method are expected to converge to solu-
tions that are higher than exact values, even when a large num-
ber of Ritz parameters are used [37,38].Another important approximate method that has been
widely used in the literature for handling the present problem
is the DQM. The DQM, which was ﬁrst introduced by Bellman
and his associates [40,41] in the early 1970s, is a powerful
numerical method for the direct solution of partial differential
equations that arise in various ﬁelds of engineering and applied
sciences [42–62]. However, in spite of its many advantages, the
conventional DQM has its difﬁculty in implementation to the
differential equations with multiple boundary conditions at
the boundary points [63]. For instance, as indicated by Malik
and Bert [63], the solutions of the conventional DQM for rect-
angular plates having adjacent free edges (or free corners) may
not exhibit convergence trend and erratic results may be
obtained. To overcome this difﬁculty, Shu and Du [64] pro-
posed an approach referred to as direct Coupling the
Boundary Conditions with the discrete Governing Equations
Table 3 Convergence and comparison of natural frequencies of a square plate with FFFF boundary conditions.
n m X1 X2 X3 X4 X5
7 11 13.4605 19.5966 24.2658 34.7967 34.8114
13 13.4657 19.5964 24.2685 34.7995 34.8057
15 13.4679 19.5963 24.2699 34.8006 34.8083
17 13.4684 19.5962 24.2703 34.8014 34.8089
19 13.4685 19.5962 24.2704 34.8017 34.8090
21 13.4685 19.5962 24.2705 34.8017 34.8090
23 13.4685 19.5962 24.2705 34.8017 34.8090
25 13.4685 19.5962 24.2705 34.8017 34.8090
8 11 13.4497 19.5966 24.2658 34.7663 34.8114
13 13.4582 19.5964 24.2685 34.7857 34.7995
15 13.4637 19.5963 24.2699 34.7949 34.8006
17 13.4666 19.5962 24.2703 34.7990 34.8014
19 13.4678 19.5962 24.2704 34.8005 34.8017
21 13.4681 19.5962 24.2705 34.8009 34.8017
23 13.4682 19.5962 24.2705 34.8010 34.8017
25 13.4682 19.5962 24.2705 34.8010 34.8017
9 11 13.4497 19.5957 24.2608 34.7663 34.8041
13 13.4582 19.5961 24.2649 34.7857 34.7925
15 13.4637 19.5961 24.2675 34.7949 34.7951
17 13.4666 19.5961 24.2691 34.7981 34.7990
19 13.4678 19.5961 24.2698 34.7998 34.8005
21 13.4681 19.5961 24.2701 34.8006 34.8009
23 13.4682 19.5961 24.2702 34.8008 34.8010
25 13.4682 19.5961 24.2702 34.8009 34.8010
FE-Ritz [83] 13.4682 19.5961 24.2702 34.8009 34.8009
Conventional Ritz [1] 13.489 19.789 24.432 35.024 35.024
CBCGEa [64] 13.454 19.597 24.271 34.815 34.817
Ritz-DQM [76] 13.4198 19.8771 22.3733 34.5693 36.1002
DQEM [84] 13.366 19.595 24.202 34.650 34.650
DQEM [85] 13.468 19.596 24.270 34.802 34.802
a Solutions with stretched grid points.
Table 4 Natural frequencies of Levy-type square plates.
Plate Method n m X1 X2 X3 X4 X5
SSSS Present 8 17 19.7392 49.3480 49.3480 78.9568 98.6960
Exact [1] 19.7392 49.3480 49.3480 78.9568 98.6960
SCSC Present 9 14 28.9509 54.7431 69.3270 94.5853 102.2162
Exact [1] 28.9509 54.7431 69.3270 94.5853 102.2162
SCSS Present 9 14 23.6463 51.6743 58.6464 86.1345 100.2698
Exact [1] 23.6463 51.6743 58.6464 86.1345 100.2698
SCSF Present 8 16 12.6874 33.0651 41.7019 63.0148 72.3976
Exact [1] 12.6874 33.0651 41.7019 63.0148 72.3976
SSSF Present 8 15 11.6845 27.7563 41.1967 59.0655 61.8606
Exact [1] 11.6845 27.7563 41.1967 59.0655 61.8606
SFSF Present 8 16 9.6314 16.1348 36.7256 38.9450 46.7381
Exact [1] 9.6314 16.1348 36.7256 38.9450 46.7381
A simple and accurate mixed Ritz-DQM formulation for free vibration of rectangular plates 779(CBCGE) for implementing the general boundary conditions
for the free vibration analysis of rectangular plates. It was
shown that although the CBCGE approach can produce
highly accurate solutions for plates without free corner bound-
ary conditions, difﬁculty arises when the plate under investi-
gating involves free corners. In this case, their numerical
solutions were highly sensitive to grid point distribution. Forinstance, their procedure led to erroneous solutions when con-
ventional non-uniform grid points (i.e., the shifted Chebyshev–
Gauss–Lobatto points) were used. To overcome this difﬁculty,
Shu and Du [64] proposed the use of stretched grid points
where the grid points are stretched toward the plate bound-
aries. Although rather accurate solutions were obtained using
the proposed stretched grid points, the obtained solutions did
Table 5 Natural frequencies of square plates with different boundary conditions.
Plate Method n m X1 X2 X3 X4 X5
CCCC Present 11 17 35.9852 73.3938 73.3938 108.2165 131.5808
Conventional Ritz [1] 35.992 73.413 73.413 108.27 131.64
Ritz-DQM [76] 35.9852 73.3939 73.3939 108.216 131.581
CCCS Present 9 17 31.8260 63.3308 71.0763 100.7921 116.3571
Conventional Ritz [1] 31.829 63.347 71.084 100.83 116.40
Ritz-DQM [76] 31.8260 63.3308 71.0764 100.7925 116.3572
CCSS Present 11 17 27.0541 60.5385 60.7861 92.8361 114.5563
Conventional Ritz [1] 27.056 60.544 60.791 92.865 114.57
Ritz-DQM [76] 27.0541 60.5384 60.7861 92.8362 114.5561
CFCF Present 19 27 22.166 26.403 43.592 61.171 67.168
Conventional Ritz [1] 22.272 26.529 43.664 61.466 67.549
CFSF Present 19 27 15.192 20.583 39.734 49.447 56.275
Conventional Ritz [1] 15.285 20.673 39.775 49.730 56.617
Ritz-DQM [76] 15.2037 20.6010 39.7546 49.9055 56.6567
SSFF Present 9 23 3.3670 17.3164 19.2929 38.2112 51.0354
FE-Ritz [83] 3.3670 17.3164 19.2929 38.2112 51.0354
Conventional Ritz [1] 3.3687 17.407 19.367 38.291 51.324
CBCGEa [64] 3.363 17.317 19.293 38.218 51.032
CCFF Present 15 31 6.919 23.903 26.585 47.650 62.706
FE-Ritz [83] 6.9195 23.9040 26.5851 47.6519 62.7063
Conventional Ritz [1] 6.942 24.034 26.681 47.785 63.039
CBCGEa [64] 6.982 24.193 26.683 47.909 62.489
CSFF Present 15 29 5.351 19.075 24.670 43.087 52.707
FE-Ritz [83] 5.3511 19.0752 24.6705 43.0876 52.7075
Conventional Ritz [1] 5.364 19.171 24.768 43.191 53.000
CBCGEa [64] 5.402 19.219 25.005 43.372 52.702
a Solutions with stretched grid points.
780 S.A. Eftekharinot show a monotonic convergence with increasing number of
grid points and, in some cases, the natural frequencies were
found to behave oscillatory.
There have been several attempts to overcome the difﬁcul-
ties of the conventional DQM in handling multiple boundary
conditions. Wang et al. [65], Wang and Gu [66] and Chen
et al. [67] proposed, independently, a differential quadrature
element method (DQEM) for numerical solution of fourth-
order differential equations. In their approach, the multiple
boundary conditions were applied by assigning two degrees
of freedom (displacement and slope) to each boundary point.
Alternatively, Liu and Wu [68] and Wu and Liu [69] proposed
a generalized differential quadrature rule (GDQR) to apply
multiple boundary conditions in the beam and plate problems.
The GDQR is very similar to the DQEM, but it uses the
Hermite interpolation shape functions to determine the
weighting coefﬁcients. On the other hand, Karami and
Malekzadeh [70,71] proposed a method for applying multiple
boundary conditions in the DQM analysis of beam and plate
problems. In their formulation, the second-order derivatives
of the displacement at the boundary points are also considered
as the degrees of freedom for the problem. Similarly, De Rosa
and Franciosi [72–74] and De Rosa and Lippiello [75] pro-
posed an approach for implementing multiple boundary condi-
tions, wherein the higher-order derivatives at the boundary
points are viewed as additional independent variables. Their
approach has been successfully applied to fourth-order and
sixth-order partial differential equations. From the above liter-
ature survey, it is seen that most of the approaches proposed toapply multiple boundary conditions are based on deﬁning
additional degrees of freedom at the problem boundaries.
Therefore, they basically differ from the conventional DQM
where the function values at the grid points are only viewed
as independent variables.
More recently, the present author and his co-author pro-
posed a novel mixed Ritz-DQM formulation for free and
forced vibration analysis of rectangular plates [76,77]. The
mixed Ritz-DQM has been claimed to overcome some of the
limitations of the Ritz method and the DQM. The mixed
method has successfully been applied to vibration problem
of rectangular plates with clamped and simply supported
boundary conditions. However, as discussed in Ref. [76], the
conventional mixed Ritz-DQM approach may exhibit conver-
gence problem and may produce oscillatory solutions for nat-
ural frequencies of rectangular plates involving free corners.
This is because the additional condition W;XY ¼ 0 must also
be implemented at a free corner point. But, as we discussed
earlier, it is very difﬁcult to implement this condition using
the conventional DQM.
It can be seen that the conventional Ritz method, the con-
ventional DQM and the conventional mixed Ritz-DQM
approach have some difﬁculty in determining the natural fre-
quencies of rectangular plates involving free corners. To solve
this difﬁculty, this paper presents a simple and accurate mixed
Ritz-DQM formulation where the free corner boundary condi-
tions are satisﬁed in a simple and easy manner. First, we pre-
sent a simple scheme for implementing multiple boundary
conditions in the DQM discretized equations. By the help of
Table 6 Convergence and comparison of natural frequencies of square plates with free corners (when non-uniform grid points
without adjacent d-points are used in the algorithm).
Plate Method n m X1 X2 X3 X4 X5
SSFF Present 15 15 3.3406 17.3160 19.2306 38.1444 51.0340
20 3.3533 17.3163 19.2584 38.1729 51.0350
25 3.3603 17.3163 19.2756 38.1918 51.0353
30 3.3643 17.3163 19.2859 38.2033 51.0353
35 3.3663 17.3164 19.2911 38.2091 51.0354
40 3.3669 17.3164 19.2927 38.2109 51.0354
45 3.3670 17.3164 19.2929 38.2112 51.0354
50 3.3671 17.3164 19.2929 38.2112 51.0354
FE-Ritz [83] 3.3670 17.3164 19.2929 38.2112 51.0354
CBCGE [64] 15 15 2.549 17.316 17.662 36.576 51.039
CCFF Present 15 15 6.688 23.926 26.789 47.351 62.744
20 6.846 23.906 26.597 47.564 62.706
25 6.904 23.903 26.571 47.602 62.707
30 6.909 23.903 26.578 47.634 62.706
35 6.914 23.903 26.584 47.648 62.706
40 6.919 23.903 26.584 47.649 62.706
45 6.919 23.903 26.585 47.651 62.706
50 6.919 23.903 26.585 47.651 62.706
FE-Ritz [83] 6.9195 23.9040 26.5851 47.6519 62.7063
CBCGE [64] 15 15 7.873 23.615 23.873 44.587 62.730
CSFF Present 15 15 5.020 19.160 24.801 42.866 52.836
20 5.287 19.080 24.669 43.005 52.712
25 5.326 19.072 24.666 43.052 52.703
30 5.341 19.072 24.668 43.074 52.704
35 5.348 19.074 24.669 43.083 52.706
40 5.351 19.075 24.670 43.087 52.707
45 5.351 19.075 24.670 43.087 52.707
50 5.351 19.075 24.670 43.087 52.707
FE-Ritz [83] 5.3511 19.0752 24.6705 43.0876 52.7075
CBCGE [64] 15 15 5.780 20.703 20.926 40.296 52.255
A simple and accurate mixed Ritz-DQM formulation for free vibration of rectangular plates 781this new scheme, we then show that the free corner boundary
conditions can also be easily implemented in the ﬁnal matrix
equations of the Ritz-DQM approach. To demonstrate the
reliability and accuracy of the proposed methodology, it is
applied to rectangular plates with various combinations of free
edges and free corners. Comparisons of obtained results with
those in the recent literature show that the proposed method-
ology is capable of producing highly accurate solutions while
exhibiting a monotonic convergence behavior. Besides, the
proposed approach can produce better accuracy than the con-
ventional Ritz method, conventional DQM, and some versions
of the DQM for natural frequencies of rectangular plates
involving free corners.
2. Governing equation and Ritz formulation
The linear free vibration problem of an elastic isotropic thin
rectangular plate is described by the following eigenvalue dif-
ferential equation
W;XXXX þ 2k2W;XXYY þ k4W;YYYY ¼ X2W ð1Þ
where a subscript comma denotes differentiation;
W ¼ WðX;YÞ is the dimensionless mode function of the lateral
deﬂection; X ¼ x=a and Y ¼ y=b are dimensionless coordi-
nates; a and b are the length and width of the rectangular plate,
respectively; k ¼ a=b is the aspect ratio; and X ¼ xa2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqh=Dp isthe dimensionless frequency parameter of the plate vibrations
wherein x, q, h, and D, are, respectively, the circular fre-
quency, mass density, thickness, and bending rigidity of the
plate. The boundary conditions of the rectangular plate are:
(I) Simply-supported edge (S)W ¼ W;XX ¼ 0 at X ¼ 0 and=or X ¼ 1 ð2Þ
W ¼ W;YY ¼ 0 at Y ¼ 0 and=or Y ¼ 1 ð3Þ(II) Clamped edge (C)W ¼ W;X ¼ 0 at X ¼ 0 and=or X ¼ 1 ð4Þ
W ¼ W;Y ¼ 0 at Y ¼ 0 and=or Y ¼ 1 ð5Þ(III) Free edge (F)W;XXX þ ð2 lÞk2W;XYY ¼ W;XX þ lk2W;YY ¼ 0 at
X ¼ 0 and=or X ¼ 1 ð6Þ
W;YYY þ 2 l
k2
W;YXX ¼ W;YY þ l
k2
W;XX ¼ 0 at
Y ¼ 0 and=or Y ¼ 1 ð7Þ
wherein l is the Poisson’s ratio. For a free corner
formed by the intersection of two free edges, the addi-
tional conditionW;XY ¼ 0 ð8Þ
must also be satisﬁed at the corner [1].
Table 7 Convergence and comparison of natural frequencies of square plates with free corners (when non-uniform grid points
without adjacent d-points are used in the algorithm).
Plate Method n m X1 X2 X3 X4 X5
SFFF Present 15 15 6.5885 14.8982 25.2877 25.9191 48.4174
20 6.6127 14.8992 25.3178 25.9626 48.4380
25 6.6293 14.9002 25.3475 25.9813 48.4444
30 6.6378 14.9010 25.3639 25.9930 48.4476
35 6.6421 14.9014 25.3726 25.9986 48.4490
40 6.6435 14.9015 25.3753 26.0002 48.4494
45 6.6437 14.9015 25.3757 26.0005 48.4495
50 6.6437 14.9015 25.3757 26.0005 48.4495
FE-Ritz [83] 6.6437 14.9015 25.3757 26.0005 48.4495
CBCGE [64] 15 15 5.161 14.725 23.082 24.156 46.296
CFFF Present 15 15 2.895 8.363 21.338 27.603 30.872
20 3.378 8.458 21.290 27.237 30.872
25 3.441 8.481 21.288 27.196 30.919
30 3.461 8.493 21.286 27.193 30.940
35 3.469 8.502 21.285 27.196 30.951
40 3.471 8.506 21.285 27.198 30.955
45 3.471 8.506 21.285 27.199 30.956
50 3.471 8.506 21.285 27.199 30.956
FE-Ritz [83] 3.4711 8.5067 21.2850 27.1989 30.9563
CBCGE [64] 15 15 3.898 9.459 20.206 26.150 26.500
FFFF Present 15 15 13.3240 19.5946 24.2093 34.5844 34.6719
20 13.3895 19.5958 24.2392 34.7038 34.7077
25 13.4359 19.5961 24.2545 34.7564 34.7585
30 13.4591 19.5961 24.2646 34.7845 34.7889
35 13.4667 19.5961 24.2690 34.7973 34.7992
40 13.4681 19.5961 24.2700 34.8005 34.8007
45 13.4682 19.5961 24.2702 34.8009 34.8009
50 13.4682 19.5961 24.2702 34.8009 34.8009
FE-Ritz [83] 13.4682 19.5961 24.2702 34.8009 34.8009
CBCGE [64] 15 15 10.303 19.596 22.146 30.026 30.803
782 S.A. EftekhariUsing separation of variable technique, the transverse
deﬂection of the plate is approximated along the X-axis by
using the following series
WðX;YÞ ¼
Xn
j¼1
WjðYÞUjðXÞ ð9Þ
where WjðYÞ are undetermined Ritz parameters (that are func-
tions of YÞ;UjðXÞ are Ritz orthogonal approximation func-
tions (see Appendix A for detail), and n is the number of
solution terms. Substituting Eq. (9) into Eq. (1), multiplying
both sides of the resulting equation by UiðXÞ, and performing
the integration over the length of the plate (0 6 X 6 1), we
obtain
½AfWg þ 2k2½CfW;YYg þ k4½BfW;YYYYg ¼ X2½BfWg ð10Þ
where (i; j ¼ 1, 2, . . ., n)
Aij ¼
Z 1
0
UiUj;XXXX dX ¼ ½UiUj;XXX10  ½Ui;XUj;XX10
þ
Z 1
0
Ui;XXUj;XX dX ¼ Aij þ Aij þ Aij ð11Þ
Bij ¼
Z 1
0
UiUj dX; Cij ¼
Z 1
0
UiUj;XX dX
¼ ½UiUj;X10 
Z 1
0
Ui;XUj;X dX ¼ Cij þ Cij ð12ÞfWg ¼ W1 W2    Wn½ T; fW;YYg ¼ W1;YY W2;YY    Wn;YY½ T
ð13Þ
fW;YYYYg ¼ W1;YYYY W2;YYYY    Wn;YYYY½ T ð14Þ
It can be seen that the application of the Ritz method to the
governing partial differential equation of motion of the rectan-
gular plate results in a system of coupled ordinary differential
equations of the fourth-order. At this stage, the natural bound-
ary conditions of the rectangular plate in the X-direction can
be applied to system (10). The details will be given in the next
section.
2.1. Implementation of natural boundary conditions in the Ritz
formulation
The conventional variational formulation does not allow the
implementation of natural boundary conditions in its formula-
tion. To overcome this limitation, the present author and his
co-author proposed recently a simple variational formulation
in which the natural boundary conditions of the problem can
also be implemented [78–80]. According to the new variational
formulation, the natural boundary conditions of the plate can
be integrated along its boundaries or analogized by the Ritz
method. The resulting analog equations are then used to mod-
ify the stiffness matrix of the plate. In this section, these analog
equations are derived for rectangular plates with free edge
boundary conditions.
Table 8 Fundamental frequency of rectangular plates with free corners.
Plate Method k= 2/5 k= 2/3 k= 1 k= 3/2 k= 5/2
CCFF Presenta 3.9721 4.9675 6.9192 11.1777 24.8300
New Ritzb 3.9727 4.9678 6.9192 11.1775 24.8295
FE-Ritzc 3.9727 4.9678 6.9192 11.1775 24.8295
GDQRd [69] 3.96126 4.92662 6.84178 11.08489 24.75785
New DQMe [71] 3.97785 4.97224 6.92461 11.1875 24.85928
Conventional Ritz [1] 3.9857 4.9848 6.9421 11.216 24.911
CSFF Presenta 3.8425 4.4120 5.3510 6.9175 10.0835
New Ritzb 3.8435 4.4123 5.3510 6.9173 10.0845
FE-Ritzc 3.8435 4.4122 5.3510 6.9173 10.0845
GDQRd [69] 3.84517 4.40811 5.33538 6.88924 10.04007
New DQMe [71] 3.8484 4.41664 5.35466 6.92005 10.08592
Conventional Ritz [1] 3.8542 4.4247 5.3639 6.9309 10.100
CFFF Presenta 3.4966 3.4848 3.4710 3.4535 3.4282
New Ritzb 3.4975 3.4851 3.4710 3.4534 3.4280
FE-Ritzc 3.4975 3.4851 3.4710 3.4534 3.4280
GDQRd [69] 3.49508 3.47592 3.45503 3.43180 3.39349
New DQMe [71] 3.50363 3.4918 3.47711 3.45946 3.43400
Conventional Ritz [1] 3.5107 3.5024 3.4917 3.4772 3.4562
SSFF Presentf 1.3195 2.2328 3.3670 5.0239 8.2473
New Ritzb 1.3196 2.2328 3.3670 5.0239 8.2473
FE-Ritzc 1.3196 2.2328 3.3670 5.0239 8.2473
GDQRg [69] 1.30749 2.21147 3.33438 4.97580 8.17181
New DQM [71] 1.31956 2.2328 3.36705 5.02388 8.2472
Conventional Ritz [1] 1.3201 2.2339 3.3687 5.0263 8.2506
d-techniqueh [63] 1.32062 2.2305 3.35619 5.01860 8.25438
SFFF Presentf 2.6888 4.4769 6.6437 9.8452 14.8120
New Ritzb 2.6891 4.4770 6.6437 9.8451 14.8120
FE-Ritzc 2.6891 4.4770 6.6437 9.8451 14.8120
GDQRg [69] 2.67469 4.45107 6.60414 9.78568 14.83379
New DQM [71] 2.68909 4.4770 6.6437 9.8508 14.8119
Conventional Ritz [1] 2.6922 4.481 6.6480 9.8498 14.939
d – techniqueh [63] 2.73216 4.59624 6.91513 10.45755 14.81530
FFFF Presentf 3.4326 8.9313 13.4682 20.0956 21.4542
New Ritzb 3.4326 8.9313 13.4682 20.0955 21.4539
FE-Ritzc 3.4326 8.9313 13.4682 20.0955 21.4539
GDQRg [69] 3.43209 8.92159 13.45060 20.07359 21.45057
New DQM [71] 3.4326 8.9313 13.4682 20.0955 21.4539
Conventional Ritz [1] 3.4629 8.9459 13.489 20.128 21.643
d – techniqueh [63] 3.43389 9.34307 13.91187 21.02150 21.46173
a These results are obtained using n= 15 and m= 35.
b These results are obtained using new Ritz formulation of Ref. [39].
c These results are obtained using the mixed formulation of Ref. [83].
d These results were obtained using a mesh size of 28  28.
e These results were obtained using a mesh size of 29  29 (or 27  27).
f These results are obtained using n = 8, m = 25.
g These results were obtained using a mesh size of 27  27.
h These results were obtained using a mesh size of 15  15.
Table A.1 Starting functions of Gram–Schmidt process for different boundary conditions of the plate problem in X-direction.
Boundary Condition S–S C–C F–F S–F C–F C–S
u1ðXÞ X 2X3 þ X4 X2  2X3 þ X4 1 X X2 X2  X3
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784 S.A. EftekhariConsider a rectangular plate having free edges at X= 0
and X= 1. The boundary conditions of the plate for this case
are given in Eq. (6). To apply these boundary conditions, we
substitute the Ritz approximation (given in Eq. (9)) into Eq.
(6) and obtainXn
j¼1
WjUj;XXX þ ð2 lÞk2
Xn
j¼1
Wj;YYUj;X ¼ 0 ð15Þ
Xn
j¼1
WjUj;XX þ lk2
Xn
j¼1
Wj;YYUj ¼ 0 ð16Þ
The main idea of the proposed variational method [78–80]
is that the above boundary conditions can be related to the
boundary terms Aij and A

ij deﬁned in Eq. (11). This can be
done simply by multiplying Eqs. (15) and (16) by Ui and
Ui;x, respectively. By doing so, we obtain the following bound-
ary analog equationsXn
j¼1
UiUj;XXXWj þ ð2 lÞk2
Xn
j¼1
UiUj;XWj;YY ¼ 0 ð17Þ
Xn
j¼1
Ui;XUj;XXWj þ lk2
Xn
j¼1
Ui;XUjWj;YY ¼ 0 ð18Þ
The above analog equations should be satisﬁed at free
edges. Comparing these equations with Eqs. (11) and (12), it
can be seen that
½AfWg ¼ ð2 lÞk2½CfW;YYg ð19Þ
½AfWg ¼ lk2½CTfW;YYg ð20Þ
where the matrix ½C is deﬁned in Eq. (12). Substituting Eqs.
(19) and (20) into Eq. (10) yields
½AfWg þ 2k2½ bCfW;YYg þ k4½BfW;YYYYg ¼ X2½BfWg ð21Þ
where
½ bC ¼ ½C  ½C þ l
2
ð½C þ ½CTÞ
¼ ½C þ l
2
ð½C þ ½CTÞ ð22Þ
By using the above modiﬁed matrix equation, the natural
boundary conditions of the plate at its free edges X= 0 and
X= 1 are implemented. It is very interesting to note that
above modiﬁed matrix equation can also be used for plates
with different combination of simply supported, clamped,
and free edges (in the X-direction). For instance, for plates
having any combination of simply supported and clamped
edges, we have
½A ¼ ½A ¼ ½C ¼ ½0nn ð23Þ
This is because the Ritz trial functions should satisfy at
least the geometric boundary conditions of the plate.
Therefore, Eq. (21) is also valid for plates with different
boundary conditions at X= 0 and X= 1.
3. DQM analogs of resulting system of ordinary differential
equations
Let fðYÞ be an arbitrary function and Y1;Y2; . . . ;Ym be a set of
grid points in the Y direction. According to the DQM, the rth-
order derivative of fðYÞ at any grid point can be expressed as
[64]f ðrÞðYiÞ ¼
Xm
j¼1
S
ðrÞ
ij fðYjÞ ð24Þ
where m is the number of grid points, fðYjÞ are the function
values at a grid point Yj; f
ðrÞðYiÞ are the rth-order derivative
values at a grid point Yj, and S
ðrÞ
ij are the weighting coefﬁcients
of the rth-order derivative (see Appendix B for detail). The
quadrature rule (i.e., Eq. (24)), may also be expressed for a vec-
tor ffðYÞg as [81]
ff ðrÞðYiÞg ¼
Xm
j¼1
S
ðrÞ
ij ffðYjÞg ð25Þ
where ffðYjÞg represents the magnitude of the vector ffðYÞg at
a grid point Yj.
Satisfying Eq. (21) at any grid point Y ¼ Yi gives
½AfWðYiÞg þ 2k2½ bCfW;YYðYiÞg þ k4½BfW;YYYYðYiÞg
¼ X2½BfWðYiÞg; i ¼ 1; 2; . . . ;m ð26Þ
Substituting the quadrature rule, given in Eq. (25), into Eq.
(26) gives
½AfWðYiÞg þ 2k2½ bCXm
j¼1
S
ð2Þ
ij fWðYjÞg þ k4½B
Xm
j¼1
S
ð4Þ
ij fWðYjÞg
¼ X2½BfWðYiÞg; i ¼ 1; 2; . . . ;m ð27Þ
Eq. (27) can be expressed in the following compact form
½ eKf eWg ¼ X2½fMf eWg ð28Þ
where ½ eK is the stiffness matrix, ½fM is the mass matrix and
f eWg is the unknown coefﬁcient vector. The n n sub-
matrices ½ eKij and ½fMij are given by
½ eKij ¼ Iij½Aþ2k2Sð2Þij ½ bCþk4Sð4Þij ½B; i; j¼ 1;2; . . . ;m ð29Þ
½fMij ¼ Iij½B ð30Þ
where Iij are the elements of mm identity matrix, and
f eWg ¼ fWðY1ÞgT fWðY2ÞgT    fWðYmÞgT T ð31Þ
It is noted that the matrices ½ eK and ½fM are the nm nm
matrices while f eWg is the nm 1 vector. The eigenvalue
problem (28) can be solved for the eigenvalues X, if the
boundary conditions of the plate problem in the Y-direction
are also applied. The procedure will be detailed in the next
section.
3.1. Implementation of boundary conditions in the DQM
formulation
The procedure for implementing the natural boundary condi-
tions of the plate in the X-direction is already presented in
Section 2.1. In this section, we explain how to implement the
boundary conditions of the plate in the Y-direction using the
quadrature rule. The boundary conditions of the rectangular
plate along Y-direction are given in Eqs. (3), (5) and (7). The
corresponding quadrature analogs are detailed below.
(I) Simply supported end condition at Y ¼ Y p (p= 1 or m)
From Eqs. (3) and (25), the quadrature analogs of the
boundary conditions are obtained as
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fWðYpÞg ¼
W1ðYpÞ
W2ðYpÞ
..
.
WnðYpÞ
>><>>:
>>=>>; ¼
0
0
..
.
0
>><>>:
>>=>>; ¼ f0gn1 ð32Þ
fW;YYðYpÞg ¼
Xm
j¼1
S
ð2Þ
pj fWðYjÞg ¼ f0gn1 ð33Þ(II) Clamped end condition at Y ¼ Y p (p= 1 or m)
From Eqs. (5) and (25), the quadrature analogs of the
boundary conditions are simplyfWðYpÞg ¼ f0gn1 ð34Þ
fW;YðYpÞg ¼
Xm
j¼1
S
ð1Þ
pj fWðYjÞg ¼ f0gn1 ð35Þ(III) Free end condition at Y ¼ Y p (p= 1 or m)
Substituting the Ritz approximation (given in Eq. (9))
into Eq. (7) gives:Xn
j¼1
Wj;YYUj þ l
k2
Xn
j¼1
WjUj;YX ¼ 0 ð36Þ
Xn
j¼1
Wj;YYYUj þ 2 l
k2
Xn
j¼1
Wj;YUj;YX ¼ 0 ð37Þ
Multiplying both sides of above equations by UiðXÞ, and
performing the integration over the length of the plate
ð0 6 X 6 1Þ, we obtain
½BfW;YYg þ l
k2
½CfWg ¼ f0gn1 ð38Þ
½BfW;YYYg þ 2 l
k2
½CfW;Yg ¼ f0gn1 ð39Þ
where the matrices [B] and [C] are deﬁned in Eq. (12).
Now Satisfying Eqs. (38) and (39) at any grid point
Y ¼ Yi and using the quadrature rule, given in Eq.
(25), one has½B
Xm
j¼1
S
ð2Þ
pj fWðYjÞg þ
l
k2
½CfWðYpÞg ¼ f0gn1 ð40Þ
½B
Xm
j¼1
S
ð3Þ
pj fWðYjÞg þ
2 l
k2
½C
Xm
j¼1
S
ð1Þ
pj fWðYjÞg ¼ f0gn1
ð41Þ
(IV) Free corner boundary condition at ðXp; Y qÞ
As pointed out earlier the condition W ;XY = 0 must
also be applied at free corners. First, we note that@W
@X
jX¼Xp ¼
Xn
j¼1
WjðYÞUj;XðXpÞ
¼ U1;XðXpÞ U2;XðXpÞ  Un;XðXpÞ½ 
W1ðYÞ
W2ðYÞ
..
.
WnðYÞ
8>><>>:
9>>=>>;¼½Up1nfWgn1
ð42Þalso  
@2W
@X@Y
jX¼Xp ;Y¼Yq ¼
@
@Y
@W
@X
jX¼Xp
Y¼Yq
¼
Xn
j¼1
Wj;YðYqÞUj;XðXpÞ ¼ ½UpfW;YðYqÞg ð43Þ
Now using the quadrature rule, given in Eq. (25), the
quadrature analog of the corner boundary condition is
obtained as@2W
@X@Y
jX¼Xp ;Y¼Yq ¼ ½Up
Xm
j¼1
S
ð1Þ
qj fWðYjÞg ¼ 0 ð44Þ4. Solution of resulting eigenvalue problem
The quadrature analogs of the plate boundary conditions in
the Y-direction were derived in the previous section. These
analogs equations can be directly substituted in the resultant
discrete equations of the Ritz-DQM approach. The details
are given in the following sections.
4.1. Solution procedure for plates without free corners
Substituting the boundary analog equations correspond to
simply-supported, clamped and free edges (given in
Section 3.1) into Eq. (28) leads to the following eigenvalue
equation
½ eKbl
½ eKd
½ eKbr
264
375 f eWblgf eWdg
f eWbrg
8><>:
9>=>; ¼ X2
½fMbl
½fMd
½fMbr
264
375 f eWblgf eWdg
f eWbrg
8><>:
9>=>; ð45Þ
where the subscripts bl, d, and br denote left boundary points,
domain points and right boundary points, respectively; ½ eKbl
and ½ eKbr are matrices depending on boundary conditions of
the plate in the Y-direction (see Appendices C and D); ½fMbl
and ½fMbr are zero matrices, and
½ eKd ¼
½ eK31 ½ eK32    ½ eK3m
½ eK41 ½ eK42    ½ eK4m
..
. ..
. ..
. ..
.
½ eKðm2Þ1 ½ eKðm2Þ2    ½ eKðm2Þm
26664
37775; ½fMd
¼
½fM31 ½fM32    ½fM3m
½fM41 ½fM42    ½fM4m
..
. ..
. ..
. ..
.
½fMðm2Þ1 ½fMðm2Þ2    ½fMðm2Þm
26664
37775 ð46Þ
f eWblg¼ ½fWðY1ÞgT fWðY2ÞgT T; f eWbrg¼ ½fWðYm1ÞgT fWðYmÞgT T
ð47Þ
f eWdg ¼ ½ fWðY3ÞgT fWðY4ÞgT    fWðYm2ÞgT T ð48Þ
For some cases, Eq. (45) can be directly solved for the
eigenvalues. However, in general, the eigenvalue problem
(45) is highly ill-conditioned and cannot be easily solved for
the eigenvalues. A way for overcoming this issue is to eliminate
the degrees of freedom corresponds to Dirichlet-type boundary
786 S.A. Eftekhariconditions. By doing so, the ill-conditioned eigenvalue prob-
lem (45) will be converted to a well-conditioned eigenvalue
problem. It is noted that the resultant mass matrix of the eigen-
value problem (45) involves some zero rows and hence is sin-
gular. But, such eigenvalue problem can be easily solved
using the QZ algorithm [82] which its programs and subrouti-
nes are available in most linear algebra software packages such
as the MATLAB and LAPACK.
4.2. Solution procedure for plates with free corners
The solution procedure for plates involving free corners is sim-
ilar to that presented in Section 4.1. But, it involves an addi-
tional step. In this case, as it was pointed out earlier, the
additional boundary analog Eq. (44) must also be imposed
to the system of discrete Eq. (45).
In the very ﬁrst glance, it may be appear that the free corner
boundary analog equation may be arbitrarily substituted in the
system of discrete Eq. (45). In this regard, there are different
choices for the replacement of the quadrature analog equations
of the governing differential equation by the quadrature ana-
log equation of the free corner boundary condition (in fact
there are nm choices where nm is the size of resultant eigen-
value problem). Noting that the plate has a free corner at
ðXp;YqÞ, a natural way is to impose the free corner boundary
condition at Y ¼ Yq. Immediately we see that there are n num-
bers of different sub-choices for this case, noting that
fWðYqÞg ¼ W1ðYqÞ W2ðYqÞ    WnðYqÞ½ T ð49Þ
However, our numerical experiments showed that some of
these n sub-choices are not convenient and may lead to conver-
gence issues in obtaining accurate solutions for some natural
frequencies of the plate. In other words, this replacement can-
not be very arbitrary. Our numerical experiments also showed
that the most accurate solutions can be obtained when the nth
sub-choice is made (i.e., when the quadrature analog equation
of the governing differential equation corresponds to WnðYqÞ is
replaced by the quadrature analog equation of the free corner
boundary condition). It is noted that for the cases in which two
free corner boundary conditions are involved at Y ¼ Yq, the
quadrature analog equations of the governing differential
equation correspond to the nth and (n  1) th order
polynomials (i.e., WnðYqÞ and Wn1ðYqÞÞ can be replaced by
the quadrature analog equations of the free corner boundary
conditions.
5. Numerical results
To demonstrate the stability, rate of convergence and accuracy
of the proposed mixed formulation, natural frequencies of
rectangular plates with different boundary conditions are eval-
uated and the results are tabulated in Tables 1–8. To simplify
the notation, the edge conditions for plates are denoted by let-
ters S (simply supported), C (clamped), and F (free). For
instance, SCSF denotes that the plate has a simply supported
edge at X= 0, a clamped edge at Y= 0, a simply supported
edge at X= 1, and a free edge at Y= 1.
In the mixed method, the Ritz method with n number of
terms and the DQM with m number of grid points are consid-
ered. Moreover, the DQM grid points are taken non-uniformly
spaced and are given by the following equationsY1 ¼ 0;Y2 ¼ d;Ym1 ¼ 1 d;Ym ¼ 1
Yi ¼ 1
2
1 cos ði 2Þp
m 3
  
; i ¼ 3; 4; . . . ;m 2; 0 6 Y 6 1
ð50Þ
where Y2 and Ym1 are discrete points very close to the bound-
ary points (adjacent d-points). The parameter d shows the
closeness between the adjacent point and the respective bound-
ary point. In order to achieve accurate solutions by using this
type of grid points, the magnitude of d should be as small as
possible (6103). In this study, the magnitude of parameter
d is assumed to be d= 103.
Tables 1–3 show the convergence study for the ﬁrst ﬁve nat-
ural frequencies of square plates with SFFF, CFFF, and
FFFF boundary conditions. The results are also compared
with the results obtained by the conventional Ritz method
[1], conventional Ritz-DQM [76], FE-Ritz formulation [83],
CBCGE approach [64] and the DQEM [84,85]. It is noted that
the results of Refs. [83,85] are believed to be highly accurate
since both the geometric and natural boundary conditions of
the plate are strongly satisﬁed in the algorithms presented in
these references. It can be seen from Tables 1–3 that the results
of the present method converge very quickly and agree well
with those of other approaches. It can also be seen that the
results obtained by the present method are slightly smaller
than those obtained by the conventional Ritz method [1]
and, thus, are more accurate. The reason for this phenomenon
is that the free edge and free corner boundary conditions were
not satisﬁed in the Ritz formulation of Ref. [1]. For the same
reason, the present mixed methodology gives better accuracy
than the CBCGE approach and conventional Ritz-DQM for-
mulation where the free corner boundary conditions were
not satisﬁed. On the other hand, the results generated by the
present method have excellent agreement with the results of
the FE-Ritz formulation [83] and DQEM [85] where the free
edge and free corner boundary conditions were exactly
satisﬁed.
The ﬁrst ﬁve natural frequencies of Levy-type square plates
are given in Table 4 together with the analytical solution
results of Leissa [1]. As it can be seen, the present results agree
very closely with the analytical solutions of Ref. [1] even to all
available signiﬁcant digits. In Table 5, the results of proposed
formulation are compared with those of other methods for dif-
ferent boundary conditions of the plate. It can be seen that the
present method solutions converge to values less than those
given in Ref. [1] and therefore are more accurate. This is
because the accurate solutions should be somehow smaller
than the Leissa’s solutions which are expected to be the upper
bound exact solutions. Again, an excellent agreement is
observed between present results and those of the FE-Ritz for-
mulation [83]. On the other hand, from Tables 1–5 it can be
seen that most of results generated by the CBCGE approach
with stretched grid points [64] are bigger while others are smal-
ler than those of proposed methodology. Clearly, the main rea-
son for such oscillatory behavior of the CBCGE solutions is
the lack of satisfaction of free corner boundary conditions.
This means the monotonic convergence of the predicted natu-
ral frequencies cannot be guaranteed when the free corner
boundary conditions are not satisﬁed.
As pointed out earlier in introduction, Shu and Du [64]
reported that their DQM solutions were very sensitive to the
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erroneous results when the following type of grid points (say
the shifted Chebyshev–Gauss–Lobatto points) is used:
Xi ¼ 1
2
1 cos ði 1Þp
n 1
  
; i ¼ 1; 2; . . . ; n ð51Þ
Yi ¼ 1
2
1 cos ði 1Þp
m 1
  
; i ¼ 1; 2; . . . ;m ð52Þ
To investigate the effect of grid point distribution, we also
solved the present problem using the above type of grid points.
When the coordinates of the grid points are computed from
Eq. (52), Tables 6 and 7 show the convergence of solutions
for the ﬁrst ﬁve natural frequencies of square plates involving
free corners. The CBCGE solution results of Shu and Du [64]
are also shown for comparison purposes. It can be seen that
the results of the present method show a monotonic conver-
gence with respect to the number of grid points while the
numerical results of Shu and Du [64] do not exhibit any con-
vergence trend for these cases. This implies that the solutions
of the proposed method for plates involving free corners are
not highly sensitive to the grid point distribution.
In Tables 1–7 we compared the results of the proposed
method with those obtained using the conventional Ritz
method, conventional Ritz-DQM, FE-Ritz formulation,
CBCGE approach and the DQEM. However, as we discussed
in introduction, there are other versions of the DQM that can
be used to apply multiple boundary conditions in the analysis
of rectangular plates. For the sake of further comparisons, the
results of the proposed method are compared with those of var-
ious versions of the DQM in Table 8. The results of conven-
tional Ritz method by Leissa [1] and the recalculated results of
newRitz formulation [39] and FE-Ritz formulation [83] are also
shown for comparison. It is noted that the d – technique solution
results of Malik and Bert [63] were only given for rectangular
plates with SSFF, SFFF, and FFFF boundary conditions.
Malik and Bert [63] have found that for the cases in which at
least one free corner is present (with the exception of SSFF),
the d – technique solution does not exhibit any convergence
trend (SFFF and FFFF cases) or is subject to errors. Their solu-
tion has also been found to behave even more erratic for plates
with CCFF, CSFF, and CFFF boundary conditions [63].
In Table 8, the GDQR solution results of Wu and Liu [69],
and the results of new DQM methodology of Karami and
Malekzadeh [71] are also tabulated for comparison. For the
fair comparison of the different approaches, the size of meshes
in each version of the DQM is also given. It can be seen from
Table 8 that the results of the proposed method have excellent
agreement with those obtained using the new Ritz formulation
[39], FE-Ritz formulation [83] and the new DQM formulation
[71]. The solutions of the conventional Ritz method [1], con-
ventional DQM (d – technique) [63] and the GDQR [69] are
found to be less accurate as compared with other formulations.
Besides, it can be easily veriﬁed that the size of resulting eigen-
value problem for the present method is smaller than those of
the new DQM [71] and GDQR [69].
6. Conclusions
A simple and accurate mixed Ritz-DQM formulation is devel-
oped to study the free vibration of rectangular plates involvingfree corners. The proposed formulation uses a simple scheme
to implement the free corner boundary conditions and there-
fore gives better accuracy than the conventional Ritz method
and the conventional DQM. Numerical results also show the
advantages of the proposed method over some versions of
the DQM in terms of accuracy and performance.
Appendix A. Generation of characteristic orthonormal
polynomials
Let u1ðXÞ be a polynomial that satisfy the geometric boundary
conditions of the rectangular plate in the X-direction (see
Table A.1). An orthogonal set of polynomials in the interval
0 6 X 6 1 can be obtained by the help of Gram–Schmidt pro-
cess as follows [35,36]:
u2ðXÞ ¼ ðX b2Þu1ðXÞ;ukðXÞ
¼ ðX bkÞuk1ðXÞ  ckuk2ðXÞ ðA:1Þ
bk ¼ Xuk1ðXÞ;uk1ðXÞh i= uk1ðXÞ; uk1ðXÞh i ðA:2Þ
ck ¼ Xuk1ðXÞ;uk2ðXÞh i= uk2ðXÞ; uk2ðXÞh i ðA:3Þ
where fðXÞ; gðXÞh i shows the inner product of functions fðXÞ
and gðXÞ deﬁned as
fðXÞ; gðXÞh i ¼
Z 1
0
fðXÞgðXÞdX ðA:4ÞAppendix B. Elements of the DQM weighting coefﬁcient
matrices
Let fðYÞ be an arbitrary function and Y1;Y2; . . . ;Ym be a set of
grid points in the Y direction. Let also the Lagrange interpola-
tion functions are used to approximate this function. For this
case, the weighting coefﬁcients of the ﬁrst-order (r= 1) and
higher-order derivatives ðr > 1Þ can be obtained from the fol-
lowing relationships [44,45]
S
ð1Þ
ik ¼
PðYi Þ
ðYiYk ÞPðYk Þ i – k; i; k ¼ 1; 2; . . . ;m

Xm
j¼1;j – i
S
ð1Þ
ij i ¼ k; i ¼ 1; 2; . . . ;m
8>><>>: ; PðYiÞ ¼
Ym
j¼1;j – i
ðYi  YjÞ
ðB:1Þ
S
ðrÞ
ik ¼
r S
ðr1Þ
ii S
ð1Þ
ik 
S
ðr1Þ
ik
YiYk
 
i– k; i; k ¼ 1; 2; . . . ;m

Xm
j¼1;j – i
S
ðrÞ
ij i ¼ k; i ¼ 1; 2; . . . ;m
8>>><>>>:
ðB:2ÞAppendix C. Elements of matrix ½ eKbl
The elements of matrix ½ eKbl depend on the boundary
conditions of the plate in the Y-direction, and can be obtained
from quadrature analog equations given in Section 3.1 as
follows:
788 S.A. Eftekhari(I) Simply supported end condition at Y ¼ Y 1
½ eKbl ¼ ½bI ½0 ½0    ½0
S
ð2Þ
11 ½bI Sð2Þ12 ½bI Sð2Þ13 ½bI    Sð2Þ1m½bI
24 35 ðC:1Þ
(II) Clamped end condition at Y ¼ Y 1½ eKbl ¼ ½bI ½0 ½0    ½0
S
ð1Þ
11 ½bI Sð1Þ12 ½bI Sð1Þ13 ½bI    Sð1Þ1m½bI
24 35 ðC:2Þ
(III) Free end condition at Y ¼ Y 1½ eKbl¼ Sð2Þ11 ½B Sð2Þ12 ½B    Sð2Þ1m½B
S
ð3Þ
11 ½B Sð3Þ12 ½B    Sð3Þ1m½B
" #
þ 1
k2
l½C ½0 ½0    ½0
ð2lÞSð1Þ11 ½C ð2lÞSð1Þ12 ½C ð2lÞSð1Þ13 ½C    ð2lÞSð1Þ1m½C
" #
ðC:3Þwhere ½bI and ½0 are the n n identity and zero matrices,
respectively.Appendix D. Elements of matrix ½ eKbr
The elements of this matrix can also be determined from
quadrature analog equations given in Section 3.1 as follows:
(I) Simply supported end condition at Y ¼ Y m
½ eKbr ¼ Sð2Þm1½bI Sð2Þm2½bI    Sð2Þmðm1Þ½bI Sð2Þmm½bI
½0 ½0    ½0 ½bI
" #
ðD:1Þ(II) Clamped end condition at Y ¼ Y m½ eKbr ¼ Sð1Þm1½bI Sð1Þm2½bI    Sð1Þmðm1Þ½bI Sð1Þmm½bI
½0 ½0    ½0 ½bI
" #
ðD:2Þ(III) Free end condition at Y ¼ Y m½ eKbr¼ Sð3Þm1½B Sð3Þm2½B  Sð3Þmm½B
S
ð2Þ
m1½B Sð2Þm2½B  Sð2Þmm½B
" #
þ 1
k2
ð2lÞSð1Þm1½C ð2lÞSð1Þm2½C  ð2lÞSð1Þmðm1Þ½C ð2lÞSð1Þmm½C
½0 ½0  ½0 l½C
" #
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